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Abstract. We prove tight lower bounds for the coefficients of the general-
ized h-vector of a rational polytope with a symmetry of prime order that is
fixed–point–free on the boundary. These bounds generalize results of R. Stan-
ley and R. Adin for the h–vector of a simplicial rational polytope with a
central symmetry or a symmetry of prime order respectively.
0. Introduction
For simplicial polytopes, there is a beautiful complete characterization of the oc-
curing h–vectors, conjectured by P. McMullen and proved by L. Billera, C. Lee,
R. Stanley and by McMullen (see [BL], [St1] and [McM]). Assuming that in addi-
tion the polytope admits a symmetry, it is natural to ask for the resulting restric-
tions upon the corresponding h–vector.
A. Bjo¨rner conjectured tight lower bounds for the coefficients of the h–vector
of a centrally–symmetric simplicial polytope that were proved by R. Stanley in
[St2], using the theory of toric varieties. After a small perturbation preserving
the combinatorics as well as the central symmetry one can assume that the poly-
tope is rational. Then the polytope defines a rationally smooth projective toric
variety with an equivariant involution and the coefficients of the h–vector are the
Betti–numbers of the variety. Stanley in fact proves lower bounds for those Betti–
numbers.
Stanley’s results were generalized by R. Adin to the case of rational sim-
plicial polytopes admitting a symmetry of prime order without fixed points on
the boundary of the polytope (see [Ad]). Here it is essential to assume that the
polytope is rational, and Adin’s statement does not make sense without it.
The aim of this paper is to prove an analogous result to Adin’s for rational
polytopes that are no longer assumed to be simplicial. Then the Betti–numbers
of the associated projective toric varieties in general are not combinatorial invari-
ants. We have to replace singular cohomology by rational intersection cohomology
of middle perversity to arrive at combinatorial invariants. The intersection Betti
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numbers can be expressed in terms of numbers of certain flags of faces of the
polytope and form the so–called generalized h–vector (see [St3]).
We obtain lower bounds for the coefficients of the generalized h–vector of a
rational polytope with the same type of symmetry as studied by Adin. In his proof
Adin uses the refined Poincare´–series of the Stanley–Reisner–ring associated to the
polytope. We will generalize this method by considering the refined Poincare´–series
of the equivariant intersection cohomology instead. Note that in the simplicial case
the equivariant intersection cohomology forms a ring which is isomorphic to the
Stanley–Reisner–ring.
In Section 1 we fix the notation, recall Adin’s result and state our generaliza-
tion (see Theorem 1.2). Section 2 is devoted to the interpretation of the result in
terms of projective toric varieties (see Theorem 2.1). Section 3 contains the facts
about equivariant intersection cohomology that are needed to complete the proof
which is carried out in Section 4.
1. Rational Polytopes with Symmetry of Prime Order
Let P denote a rational polytope in Rn, i.e. the convex hull of a finite number
of points with rational coordinates. We assume that P is of full dimension and
that the origin is placed in its center of mass. By definition, a symmetry of P is
a bijection of P induced by a linear map A. Note that the assumption that P is
rational implies A ∈ GLn(Q).
A symmetry of P does not have fixed points on the boundary of the polytope
if and only if the inducing linear map A does not have 1 as an eigenvalue. This
means that the linear map permutes the proper faces of the polytope without
mapping any face onto itself.
We denote the set of proper faces of P by F(P ). (For technical reasons, we
also consider the empty set as a face with the convention dim ∅ = −1.) If P admits
a symmetry of prime order p without fixed points on the boundary, then all the
orbits of the induced permutation of F(P ) have length p, except the orbit of the
empty face. So in particular, the numbers fj of faces of dimension j of P (for
0 ≤ j ≤ n − 1) are all divisible by p. Moreover, the dimension n is a multiple of
p− 1, since the linear map A ∈ GLn(Q) defining the symmetry does not have 1 as
an eigenvalue, and therefore its characteristic polynomial is a power of the p–th
cyclotomic polynomial 1 + x+ · · ·+ xp−1.
For example, the (p − 1)–simplex S ⊂ Rp−1, obtained as the convex hull
of the canonical basis vectors e1, . . . , ep−1 and the vector v := −
∑p−1
i=1 ei, has a
symmetry of order p, induced by the linear map, sending ei to ei+1 for all i < p−1
and ep−1 to v. Polytopes admitting a symmetry of order 2 without fixed points on
the boundary are precisely centrally–symmetric polytopes.
The h–vector (h0, . . . , hn) of an n–dimensional polytope P is defined as fol-
lows:
n∑
j=0
hjx
j :=
n∑
j=0
fj−1(x− 1)
n−j ∈ Z[x] ,
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where fj denotes the number of j–dimensional faces of P (for −1 ≤ j ≤ n−1). For
example, hn = 1, hn−1 = f0 − n and h0 =
∑n
j=0(−1)
n−jfj−1. If P is a simplex,
then hj = 1 for all j. Note that the definition of the h–vector makes sense for
arbitrary polytopes. But as we mentioned in the introduction, if P is rational and
simplicial then the coefficients of the h–vector have a topological interpretation as
Betti–numbers.
Recall that a polynomial q(x) =
∑n
i=0 aix
i ∈ Z[x] is called symmetric, if
ai = an−i for all i, and it is called unimodal, if its coefficients increase up to a
certain index and then decrease again.
In [Ad], R. Adin proved the following theorem, thereby generalizing Stanley’s
result ([St2]) for centrally–symmetric simplicial polytopes:
Theorem 1.1. (Adin) Let (h0, . . . , hn) denote the h–vector of a rational simpli-
cial polytope P with a symmetry of prime order p that is fixed–point–free on the
boundary. Then p− 1 divides n, and the polynomial
n∑
j=0
hjx
j − (1 + x+ · · ·+ xp−1)r ∈ Z[x] , where r :=
n
p− 1
,
is symmetric and unimodal, and all its coefficients are divisible by p.
Since h0 = 1, the constant term of the polynomial is zero. So the unimodality
of the polynomial implies in particular that the coefficients are nonnegative. The
resulting lower bounds for the hj are tight, as Adin shows by constructing examples
of rational simplicial polytopes with a “minimal” h–vector. More precisely, given
a natural number n and a prime number p such that p− 1 divides n, and for i =
1, . . . , r := np−1 a copy Si of the (p− 1)–simplex S in Vi := R
p−1, then the convex
hull of the union
⋃r
i=1 Si in the direct sum
⊕r
i=1 Vi has a symmetry of order p that
is fixed–point–free on the boundary. In this case
∑n
j=0 hjx
j = (1+x+ · · ·+xp−1)r.
In this article we want to further generalize Adin’s result. Namely, we want to
consider rational polytopes that are not necessarily simplicial. Following Stanley
(see [St3]), we introduce two polynomials hP and gP for each polytope P , that are
defined by recursion over the set of faces of P as follows:
g∅ ≡ 1 ,(i)
hP (x) =
∑
F∈F(P )
(x− 1)dimP−dimF−1gF (x) ,(ii)
gP (x) = τ≤[(dimQ)/2]((1− x)hP (x)) ,(iii)
where τ≤r denotes the truncation operator τ≤r(
∑n
i=0 aix
i) :=
∑r
i=0 aix
i.
The vector formed by the coefficients of the polynomial hP is called the
generalized h–vector of P . Note that hP depends only on the set of faces F(P )
as a partially ordered set, and it involves not only the face numbers but also the
numbers of certain flags of faces of P . If P is simplicial, then the generalized and the
ordinary h–vector coincide. But this is not true for a general rational polytope. For
example the ordinary h–vector of the 3–dimensional cube is (1,−1, 5, 1) whereas
the generalized h–vector is (1, 5, 5, 1).
The aim of this paper is to prove the following generalization of Theorem 1.1:
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Theorem 1.2. Let P be a rational polytope of dimension n admitting a symmetry
of prime order p without fixed points on the boundary, and let (h˜0, h˜1, . . . , h˜n)
denote its generalized h–vector. Then p− 1 divides n, and the polynomial
n∑
j=0
h˜jx
j − (1 + x+ · · ·+ xp−1)r ∈ Z[x] , where r :=
n
p− 1
,
is symmetric and unimodal, and all its coefficients are divisible by p. In particular,
all the coefficients are nonnegative.
2. Projective Toric Varieties and Intersection Cohomology
Both Stanley and Adin prove their results by first translating them to statements
about projective toric varieties, and we will follow the same strategy. Let P ⊂ Rn
be a rational n–dimensional polytope with a symmetry of prime order p, induced
by a linear map A ∈ GLn(Q). Suppose that A does not have 1 as an eigenvalue.
Then the characteristic polynomial of A equals (1 + x + . . . + xp−1)r for r :=
n/(p − 1), and as an A–module Qn decomposes into a direct sum of r copies of
Q[t]/(1 + x + . . . + xp−1). So in particular, the rational canonical form of A has
only integer entries. So after a suitable rational base change we can assume that
A ∈ GLn(Z).
The polytope P defines a fan ∆P := {R≥0 · (F ∪ {0}) | F ∈ F(P )} in R
n
consisting of all the cones through proper faces of P . Since P is rational all the
cones are rational with respect to the lattice Zn. The pair (∆P ,Z
n) corresponds to
an n–dimensional projective toric variety X = XP (see e.g. [Fu]). The vector space
Rn is naturally identified with the Lie–algebra of the maximal compact subgroup
S of the algebraic torus T acting on X , and the lattice Zn in Rn is the kernel N
of the exponential map from Lie(S) to S.
Moreover, the linear map A ∈ GLn(Z) defines a unique automorphism ϕA
of T determined by the property (dϕA)e|N = A. The isomorphism ϕA extends to
an automorphism of the toric variety XP since A permutes the cones of ∆P (for
details on equivariant morphisms of toric varieties see e.g. [Fu]). The assumption
that A has no fixed points on the boundary of P implies that the only ϕA–stable
T–orbit in XP is the dense orbit.
Conversely, every projective toric variety X with a T–equivariant automor-
phism ϕ of prime order p can be written in the form X = XP for some polytope
P such that the linear map A = dϕe|N ∈ GLn(Z) corresponding to ϕ induces a
symmetry of P . If in addition ϕ fixes only the dense T–orbit then A does not have
1 as an eigenvalue.
If P is simplicial, then the associated projective toric variety is rationally
smooth, i.e. it has at worst finite quotient singularities. In that case the odd Betti
numbers of singular cohomology vanish, and the even Betti–numbers are precisely
the entries of the h–vector of P , i.e. b2j(XP ) = hj for 0 ≤ j ≤ n. So the Poincare´–
polynomial of the toric variety XP is of the form
PX(t) :=
2n∑
j=0
dim(Hj(X ;Q))tj =
n∑
j=0
hjt
2j .
On Generalized h–Vectors of Rational Polytopes with a Symmetry 5
By Poincare´–duality, the polynomial PX is symmetric, and in particular hj = hn−j
for all j. These relations for the coefficients of the h–vector are also known as
the Dehn–Sommerville equations. Moreover, the polynomial PX is unimodal as
a consequence of the hard Lefschetz theorem. (The fact that the hard Lefschetz
theorem for singular cohomology is true for rationally smooth varieties follows from
the fact that there also is a hard Lefschetz theorem for intersection cohomology
of middle perversity of algebraic varieties (see [BBD] and [Sa]). If the variety
is rationally smooth then the intersection cohomology of middle perversity and
singular cohomology coincide.)
For example, the (p−1)–simplex S, for a given prime number p, corresponds
to the toric variety Pp−1(C) whose Poincare´–polynomial is 1 + t2 + · · ·+ t2(p−1),
and as stated in Section 1, all the entries of the h–vector of S are equal to 1.
If we drop the assumption that P is simplicial then the associated projective
toric variety XP can have more complicated singularities, and the Betti–numbers
of singular cohomology are no longer combinatorial invariants. But instead of sin-
gular cohomology, we can consider the rational intersection cohomology of middle
perversity. It turns out that the intersection Betti numbers are in fact given by the
entries of the generalized h–vector (h˜0, . . . , h˜n) of P . More precisely, the odd inter-
section Betti numbers Ib2j+1(X) vanish and the even intersection Betti numbers
satisfy Ib2j(X) = h˜j . (In his survey article [St3], Stanley remarks that this result
was proved independently by J. Bernstein, A. Khovanskii and R. MacPherson, but
their proofs have not been published. Proofs appeared in [Fi] by K. Fieseler and
in [DL] by J. Denef and F. Loeser.) In particular, the intersection Betti numbers
are combinatorial invariants.
The Poincare´–polynomial of the intersection cohomology of middle perversity
IPX(t) :=
2n∑
j=0
dim(IHj(X ;Q))tj =
2n∑
j=0
Ibj t
j
is symmetric, since Poincare´–duality holds for intersection cohomology. Moreover,
as mentioned above there is also a hard Lefschetz theorem for intersection coho-
mology of middle perversity and therefore IPX is unimodal (see [St3], Cor. 3.2).
So in terms of toric varieties Theorem 1.2 reads as follows:
Theorem 2.1. Let X be a projective toric variety of dimension n, and suppose
that X has a T–equivariant automorphism ϕ of prime order p, defining a fixed–
point–free permutation of the T–orbits in the boundary of T in X. Then p − 1
divides n, and the polynomial
q(x) :=
n∑
j=0
Ib2j x
j − (1 + x+ · · ·+ xp−1)r ∈ Z[x] , where r :=
n
p− 1
,
is symmetric and unimodal, and all its coefficients are divisible by p.
The symmetry of the polynomial q immediately follows from the symmetry
of the Poincare´–polynomial IPX . So to prove the theorem, we only have to show
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that q is unimodal and that the coefficients are divisible by p. Analogous to Adin’s
proof of Theorem 1.1, we will proceed by interpreting 1
p
q as a polynomial whose
coefficients count certain dimensions. In our case, these are the dimensions of the
χ–eigenspaces of ϕ on the graded pieces of the rational intersection cohomology
of X for some primitive p–th root of unity χ.
The automorphism ϕ induces a linear map on the j–th intersection cohomol-
ogy IHj(X ;Q) of X for 0 ≤ j ≤ 2n. Since ϕ is of order p, the possible eigenvalues
of the induced endomorphism are the elements of the group G of p–th roots of
unity. So over the complex numbers, we have the following decomposition:
IHj(X ;Q)⊗ C =
⊕
χ∈G
IHjχ(X) ,
where IHjχ(X) denotes the χ–eigenspace of ϕ. The crucial result is the following
proposition.
Proposition 2.2 Let X be a projective toric variety of dimension n, and suppose
that X has a T–equivariant automorphism ϕ of prime order p, defining a fixed–
point–free permutation of the T–orbits in the boundary of T in X. Let r := np−1 .
Then
Pχ(t) :=
2n∑
j=0
(dim IHjχ(X))t
j =
1
p
(IPX(t)− (1 + t
2 + · · ·+ t2(p−1))r)
for every primitive p–th root of unity χ.
In particular, IPX(t) = (1 + t
2 + · · ·+ t2(p−1))r iff ϕ induces the identity on
IH∗(X ;Q).
The proof of this proposition will be given in the last section using equivariant
intersection cohomology. We conclude this section by deducing Theorem 2.1 from
the proposition.
Proof of Theorem 2.1. It suffices to show that Pχ is unimodal. The intersection co-
homology of middle perversity IH∗(X ;Q) forms a module over the ring of singular
cohomology H∗(X ;Q). The hard Lefschetz theorem for intersection cohomology
asserts that there is an element ω ∈ H2(X ;Q) corresponding to a generic hyper-
plane section of some embedding of X into complex projective space, such that the
multiplication with ω induces an injective map from IH2j(X ;Q) to IH2j+2(X ;Q)
for all 0 ≤ j ≤ [n2 ].
The cohomology class ω is ϕ–invariant since the action of ϕ on X extends to
a linear action on the projective space (see the argument given in [St2], provided
by S. Kleiman). Therefore the multiplication with ω commutes with the action
of ϕ on the intersection cohomology, and hence ω · IH2jχ (X) ⊂ IH
2j+2
χ (X) for all
0 ≤ j ≤ [n2 ] and for all characters χ. So in particular, all the polynomials Pχ are
unimodal.
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3. Equivariant Intersection Cohomology
In this section we first briefly recall some definitions, and then we state the facts
that are used in the proof of Proposition 2.2. For the algebraic torus T = (C∗)n,
the principal T–bundle ET := (C∞\{0})n → (P∞(C))n =: BT is a classifying
bundle since the action of T on the contractible space ET by componentwise
scalar multiplication is free. The cohomology ring H∗(BT ;Q) of the base space
BT is a polynomial ring over Q in n variables, where each variable has degree 2,
and the corresponding Poincare´–series is (1 + t2 + t4 + · · ·)n = (1− t2)−n.
Now let X be a toric variety acted on by the torus T , and set Eq :=
(Cq+1\{0})n for q ∈ N ∪ ∞. The diagonal action of T on Eq × X is free, and
forming the quotient by T we obtain XT,q := (Eq×X)/T = Eq×T X . The natural
projection map pq : XT,q → (P
q(C))n =: Bq is a fibration with fiber X .
The intersection cohomology group IHj(XT,q;Q) is independent of q for 0 ≤
j < 2q. Therefore it is natural to define equivariant intersection cohomology of X
with rational coefficients in the following way (see (2.12) in [Ki]):
IHjT (X ;Q) := IH
j(XT,q;Q) for j ≥ 0, where q > j/2.
The equivariant intersection cohomology of X is related to its ordinary in-
tersection cohomology in the following way (see e.g. (2.14) in [Ki]):
Remark. Let X be a projective toric variety. Then
(3.1) IH∗T (X ;Q) ≃ H
∗(BT ;Q)⊗Q IH
∗(X ;Q).
This remark can be proved by observing that the spectral sequences asso-
ciated to the fibrations pq degenerate at the E2–level. So for every j, there is a
filtration of IHj(XT,q;Q) such that the occuring factors are precisely the E2–terms
of the spectral sequence on the j–th diagonal. On the other hand the direct sum
of all E2–terms equals the tensor product H
∗(Bq;Q)⊗Q IH
∗(X ;Q).
For the Poincare´–series of the equivariant intersection cohomology IPTX(t) :=∑∞
j=0(dim IH
j
T (X ;Q))t
j we conclude from (3.1):
(3.2) IPTX(t) = (1− t
2)−n IPX(t) .
We will also use the following result, proved by K. Fieseler in [Fi]:
Proposition 3.3. (Fieseler) Let X be a projective toric variety corresponding to
the fan ∆ ∈ Rn. Then
IH∗T (X ;Q) ≃
⊕
σ∈∆
IH∗T (Uσ, Uσ\Bσ;Q)
where for every cone σ ∈ ∆, Uσ denotes the corresponding affine chart of X and
Bσ denotes the corresponding T–orbit.
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4. Proof of Proposition 2.2
Returning to the setting of Theorem 2.1 and Proposition 2.2, let us assume that
X is a projective toric variety of dimension n with a T–equivariant automorphism
ϕ of order p, for some prime number p, and suppose that the only ϕ–stable T–
orbit in X is the dense orbit. Then as remarked in Section 2, the automorphism
A := dϕe ∈ Aut(N) of the lattice N = ker exp does not have 1 as an eigenvalue.
Since A is of order p, the characteristic polynomial of A is a power of the p–th
cyclotomic polynomial.
We will prove Proposition 2.2 by analysing the induced action of ϕ on the
terms occuring in (3.1), and considering their respective refined Poincare´–series.
The refined Poincare´–series PϕW of a graded complex vector space W =⊕∞
j=0W
j with respect to the action of some graded endomorphism ϕ of order
p is defined as the following formal power series in one variable over the group ring
Z[G] of the group G of p–th roots of unity:
PϕW (t) :=
∞∑
j=0
∑
χ∈G
(dimW jχ)χ t
j ,
where W jχ denotes the eigenspace of ϕ in W
j for the eigenvalue χ ∈ G. If for
exampleW is a polynomial ring in one variable of degree d which is an eigenvector
of ϕ for the eigenvalue λ, then PϕW (t) = 1 + λt
d + λ2t2d + · · · = (1− λtd)−1.
For W = IH∗(X ;Q) ⊗ C or IH∗T (X ;Q) ⊗ C, we denote the corresponding
refined Poincare´–series by IPϕX or IP
T,ϕ
X respectively. We claim that:
(4.1) IPT,ϕX (t) = P
ϕ
BT (t) IP
ϕ
X(t) .
To justify (4.1) note that the T–equivariant automorphism ϕ of X also de-
termines automorphisms of Eq, as well as of XT,q and Bq, that commute with the
fibrations pq : XT,q → Bq. So ϕ acts naturally on all the terms occuring in the
associated spectral sequences. The proof of (3.1) implies that for every j there is
an isomorphism between the associated graded ϕ–modules of IHjT (X ;Q) and of
(H∗(BT ;Q)⊗Q IH
∗(X ;Q))j. Since ϕ is of finite order and hence semi–simple, we
can even conclude that IHjT (X ;Q) and (H
∗(BT ;Q)⊗QIH
∗(X ;Q))j are isomorphic
as ϕ–modules and the claim follows.
Let us now compute PϕBT . There is a natural identification ofH
2(BT ;R) with
the dual of the Lie–algebra Lie(S) of the maximal compact torus S ⊂ T . On the
other hand, Lie(S) is generated as a real vector space by N = ker exp in Lie(S).
So altogether we have a natural isomorphism between H2(BT ;Q) and N∨Q , and
we can view H∗(BT ;Q) as the symmetric algebra of N∨Q .
The action of ϕ on H2(BT ;Q) ≃ N∨Q is given by the dual of A. So the
eigenvalues are precisely the primitive p–th roots of unity, and each χ ∈ G\{1}
occurs with the same multiplicity r := n/(p − 1). Over the complex numbers we
can choose a basis of the second cohomology consisting of eigenvectors for ϕ, and
the cohomology ring of BT is a polynomial ring in those basis vectors. Each χ–
eigenvector in the basis of the second cohomology contributes a factor (1−χt2)−1
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to the refined Poincare´–series of BT , and hence
(4.2) PϕBT (t) =
∞∑
j=0
∑
χ∈G
(dimHjχ(BT ))χt
j =
∏
1 6=χ∈G
1
(1− χt2)r
.
To describe the action of ϕ on IH∗T (X ;Q) we use that by Proposition 3.3,
IH∗T (X ;Q) ≃
⊕
σ∈∆ IH
∗
T (Uσ, Uσ\Bσ;Q), where ∆ denotes the fan associated to
the toric variety X . That means that the long exact IH∗T –sequences associated to
the pairs (Vr, Vr−1), where Vr :=
⋃
dimσ≤r Bσ, split into short exact sequences.
Since the ϕ–action preserves the open exhaustion of X by the open subsets Vr,
ϕ acts naturally on all the terms occuring in those sequences. Using that ϕ is of
finite order, we obtain as above that IHjT (X ;Q) and
⊕
σ∈∆ IH
j
T (Uσ, Uσ\Bσ;Q)
are isomorphic even as ϕ–modules. So in particular, the refined Poincare´–series of
both sides of (3.3) are equal.
The action of ϕ on the right hand side of (3.3) permutes the direct summands
in the same way as the linear map A considered as an element of GLn(R) permutes
the cones of ∆. The only A–stable cone of ∆ is the zero–cone. We have B0 = T =
U0 and therefore IH
∗
T (U0, U0\B0;Q) = IH
∗
T (T ;Q), which consists of one copy of
Q in degree 0. So the zero–cone only contributes a one–dimensional subspace in
the eigenspace for the eigenvalue 1 of IH0T (X ;Q).
Every cone σ 6= 0 has an orbit of length p under A, and for every j the ϕ–
stable subspace
⊕p
k=1 IH
j
T (UAk(σ), UAk(σ)\BAk(σ);Q) of IH
j
T (X ;Q) decomposes
into a direct sum of copies of the regular representation of the group generated
by ϕ. That implies that in
⊕
0 6=σ∈∆ IH
j
T (Uσ, Uσ\Bσ;Q) every eigenvalue χ ∈ G
appears with the same multiplicity.
We obtain:
IPT,ϕX (t)− 1 =
1
p
∑
χ∈G
(IPTX(t)− 1)χ .
Setting µ := 1p
∑
χ∈G χ ∈ Z[G] and using (3.2), we arrive at
(4.3) IPT,ϕX (t) =
µ
(1− t2)n
IPX(t) + (1− µ) .
Inserting (4.2) and (4.3) into (4.1) we get:
(4.4) IPϕX(t) =
(
µ
(1− t2)n
IPX(t) + (1− µ)
) ∏
1 6=χ∈G
(1− χt2)r .
Lemma 4.5. In the polynomial ring Z[G][x] over the group ring Z[G] of the group
G of p–th roots of unity the following identities hold:
(i) µ
∏
1 6=χ∈G(1− χx)
r = µ(1− x)n;
(ii) (1− µ)
∏
1 6=χ∈G(1− χx)
r = (1− µ)(1 + x+ · · ·+ xp−1)r,
where as above µ = 1p
∑
χ∈G χ.
Proof. (i) It suffices to check µχ = µ for all χ ∈ G. But this is clear since the
multiplication of
∑
χ′∈G χ
′ with an element χ of G only permutes the summands.
(ii) This part of the lemma is contained in [Ad] as Lemma 13.
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Applying Lemma 4.5 and inserting t2 for x, we can rewrite equation (4.4) in
the following form:
IPϕX(t) = µ IPX(t) + (1− µ)(1 + t
2 + · · ·+ t2(p−1))r ,
which is equivalent to:
IPϕX(t) = (1 + t
2 + · · ·+ t2(p−1))r +
1
p
∑
χ∈G
(IPX(t)− (1 + t
2 + · · ·+ t2(p−1))r)χ .
Now Proposition 2.2 is an immediate consequence.
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